A new interpretation of entanglement entropy is proposed: entanglement entropy of a state with respect to a division of a Hilbert space into two is the amount of information about one of the subspaces obtainable from another subspace by using the state. In order to support the interpretation, suggestive arguments are given: variational principles in entanglement thermodynamics and the quantum teleportation. It is shown that a quantum state having the maximal entanglement entropy can be used to restore information about an unknown quantum state defined on a Cauchy surface intersecting both the inside and the outside of a black hole. As a by-product we give a new derivation of the Hawking radiation from the point of view of entanglement thermodynamics.
I. INTRODUCTION
It is believed that the well-known analogy between the theory of black holes and thermodynamics, which is called black hole thermodynamics, is universal and there must be a deep physics in its origin. In particular, since the first introduction by Bekenstein [1] as a quantity proportional to the horizon area, the black hole entropy has been one of the hottest topics in black hole physics. The black hole entropy is called the Bekenstein-Hawking entropy because the proportional coefficient 1/4 was determined by Hawking's discovery of thermal radiation from a black hole [2] . It is well known that the black hole entropy has various properties similar to those of thermodynamical entropy. For example, the sum of the black hole entropy and entropy of matter outside the black hole does not decrease. This fact is called the generalized second law and was proved for a quasi-stationary black hole [3] .
Moreover, the black hole entropy can be used to judge whether a black hole solution is stable or unstable [4] . In fact, it can be used as a potential function in the Catastrophe theory and the results coincide with the linear perturbation analysis. Hence, there are so many similarity between the black hole entropy and thermodynamical entropy that we expect that the former has the statistical origin as the latter has.
Recently a microscopic derivation of the black hole entropy was given in superstring theory [5] by using the so-called D-brane technology [6] . In this approach the black hole entropy is identified with the logarithm of the number of states of massless strings attached on D-branes, with the D-brane configuration and the total momentum of the strings along a compactified direction fixed to be consistent with the corresponding black hole [7] . The analysis along this line was extended to the so-called M-theory [8] . In particular, by using the conjectured correspondence (the Matrix theory) between the M-theory in the infinite momentum frame and the 10-dimensional U(N) supersymmetric Yang-Mills theory dimensionally reduced to (0+1)-dimension with N → ∞ [9] , the black hole entropy was calculated in terms of the Yang-Mills theory to give the correct Bekenstein-Hawking entropy for BPS black holes and their low lying excitations [10] . Moreover, in Ref. [11] the black hole entropy of a Schwarzschild black hole was derived up to a constant of order 1. On the other hand, in the loop quantum gravity [12] , black hole entropy is identified with the logarithm of the number of different spin-network states with the sum of the eigenvalues of the area operator fixed [13] . The result coincides with the Bekenstein-Hawking entropy up to a constant of order 1. It is evident that those derivation based on the candidate theories of quantum gravity strongly depend on details of the theories. In this sense the success of the derivations can be considered as non-trivial consistency checks of the theories. However, it is believed that the proportionality of the black hole entropy to the horizon area is more universal one and does not depend on the details of the theory. Hence, we have to give a statistical or thermodynamical derivation of the black hole entropy, which does not depend on the details of the theory, while we are proceeding with the theory-dependent derivation of it by using the well-established candidate theories of the quantum gravity.
There were many attempts to explain the origin of the black hole entropy besides the above theory-dependent approaches. For example, in Euclidean gravity the black hole entropy is associated with a topology of an instanton which corresponds to the black hole [14] 1 ;
Wald [16] defined the black hole entropy as a Noether charge associated with a bifurcating Killing horizon 2 ; t'Hooft [18] identified the black hole entropy with a statistical entropy of thermal gas of quantum particles with a mirror-like boundary just outside the horizon (the brick wall model); Pretorius et al. [19] identified the black hole entropy with thermodynamical entropy of a shell in thermal equilibrium with the acceleration radiation due to the shell's gravity in the limit that the shell forms a black hole. There remains another strong candidate of the statistical origin of the black hole entropy, called entanglement entropy [20] [21] [22] . It is a statistical entropy measuring information loss due to the coarse-graining corresponding to 1 1-loop correction to the black hole entropy was also calculated and compared with the brick wall model and the conical singularity method [15] . a spatial division of a system [20] . The entanglement entropy is based only on the spatial division, and can be defined independently of the theory, although explicit calculations in literatures are dependent of the model employed. Moreover, as explained in the following argument, it is expected independently of the details of the theory that the entanglement entropy is proportional to the area of the boundary of the division to the black hole entropy.
In this sense, the entanglement entropy is considered as a strong candidate of the statistical origin of the black hole entropy independently of the theory. Now let us review a concept of entanglement entropy. We consider a Hilbert space F constructed from two Hilbert spaces F 1 and F 2 as
From a density matrix ρ on F we can define reduced density matrices ρ 1 and ρ 2 by ρ 1,2 = Tr 2,1 ρ, where Tr 1,2 represents operation of partial trace over F 1,2 , respectively. The entanglement entropy is defined by
is the von Neumann entropy. When ρ is a pure state, we denote these two entropies by the same symbol S ent since in this case S ent1 = S ent2 (see Appendix of Ref. [23] for a proof).
In the context of black hole thermodynamics the entanglement entropy of matter fields on a black hole background is regarded as a strong candidate of black hole entropy. In this context the Hilbert space F is a space of quantum states of the matter fields and the direct product structure of F is obtained from a division of a spacelike surface into two regions:
one inside and one outside of a boundary surface. Due to the above mentioned symmetric
, it is expected that S ent for a pure state is proportional to the area A B of the boundary. Thus,
is expected, where c is a numerical constant of order 1 and α is a cut-off length of the theory introduced in order to make the expression dimensionless as the entropy should be. In many literatures [20] [21] [22] , this behavior of S ent was confirmed. So the entanglement entropy for a pure state has a property similar to black hole entropy, provided that the boundary is set to be close to the horizon and the cut-off length is of the same order as the Planck length.
Moreover, in Ref. [24] , it was shown that a concept of entanglement energy and temperature can be introduced for matter fields in a black hole background and that their behavior is same as energy and temperature of the black hole. For these reasons the entanglement entropy has a potential to be the origin of the black hole entropy.
Despite the nice features, there remain doubts about the entanglement entropy as a candidate of the black hole entropy. Here we mention two of them. First, the cut-off length α cannot be set zero even after all calculation is completed since doing so makes S ent divergent.
The second, the entanglement entropy is not entropy of the black hole geometry itself but of matter fields living on the geometry. Both two doubts might be solved by renormalization of the gravitational constant [25] . However, in this paper, instead of investigating this possibility we propose a completely different interpretation of the entanglement entropy.
In Sec. II, based on a relation between the entanglement entropy and so-called conditional entropy, we propose an interpretation of the entanglement entropy. In Sec. III variational principles in entanglement thermodynamics are used to determine quantum states. In particular, a state having maximal entanglement entropy is determined and is used in Sec. IV to restore information about a quantum state in a black hole. Sec. V is devoted to summarize this paper.
II. CONDITIONAL ENTROPY AND ENTANGLEMENT ENTROPY
Entropy plays important roles not only in thermodynamics and statistical mechanics but also in information theory. In the latter, entropy of a random experiment, each of whose outcomes is attached with probability, represents uncertainty about the outcome before performing the experiment [28] . 
where σ 1|2 = 1 1 ⊗ ln ρ 2 − ln ρ. The von Neumann conditional entropy S 2|1 of ρ about the subsystem 2 on the subsystem 1 is defined in a similar way. It is expected that S 1|2 (or S 2|1 ) represents the amount of the information about the subsystem 1 (or 2) which cannot be known from 2 (or 1, respectively). However, the von Neumann conditional entropy can be negative. In fact, it is easily shown that
and the entanglement entropy can be positive. Hence, for example, if ρ is a pure state then S 1|2 (= S 2|1 ) is zero or negative. Our question now is 'what is the meaning of the negative conditional entropy ?' The answer is probably that the absolute value of it is the amount of the information about 1 (or 2) which can be known from 2 (or 1, respectively). Thus, it is conjectured that the entanglement entropy of a state ρ is the amount of the information about the subsystem 1 (or 2) obtainable from another subsystem 2 (or 1, respectively) by using the knowledge of ρ. In this interpretation of the entanglement entropy its divergence in the black hole context is not a problem but a nice feature as a tool to solve the information loss problem. Moreover, this interpretation is free from the criticism that it is not entropy of the black hole geometry itself but of the matter fields. Rather, the entanglement entropy in this interpretation is a quantity which cancels the black hole entropy, which may include entropy of the geometry, to restore the information. The purpose of the remaining part of this paper is to give a suggestive argument of the conjecture.
III. VARIATIONAL PRINCIPLES IN ENTANGLEMENT THERMODYNAMICS
In statistical mechanics, the von Neumann entropy is used to determine an equilibrium state: an equilibrium state of an isolated system is determined by maximizing the entropy.
We, thus, expect that the entanglement entropy may be used to determine a quantum state. As an illustration we consider a simple system of two particles with each spin 1/2: we consider a Hilbert space F of the form (1) and denote orthonormal basis of
. Let |φ be an element of F with unit norm and expand it as
where |a| 2 + |b| 2 + |c| 2 + |d| 2 = 1 is understood. The corresponding reduced density matrix is given by
and the entanglement entropy can be easily calculated from it. The resulting expression for the entanglement entropy is
where x = 1 − 4|ad − bc| 2 . By requiring dS ent /dx = 0 we obtain the condition |ad − bc| = 1/2. Thus a state maximizing the entanglement entropy is
up to an unitary transformation in F 1 and the corresponding maximal value of the entanglement entropy is ln 2. This state is well known as the EPR state. It is notable that the corresponding reduced density matrices ρ 1 and ρ 2 represent the microcanonical ensemble.
This fact is related to the fact that the maximal entropy gives microcanonical ensemble in statistical mechanics. Thus, in general, if F 1 and F 2 have the finite and same dimension N then a state maximizing the entanglement entropy is written as
up to an unitary transformation in F 1 , where |n 1 and |n 2 (n = 1, 2, · · · , N) are orthonormal basis of F 1 and F 2 , respectively. In the next section we use the state (9) to extract information about a quantum state inside a black hole.
In statistical mechanics, free energy F = E − T S can also be used to determine a statistical state: minimizing it provides an equilibrium state of a subsystem touched with a heat bath of temperature T , provided that T is fixed. This variational principle in statistical mechanics is based on the following four assumptions: (i) the total system (the subsystem + the heat bath) obeys the maximal entropy principle; (ii) total energy (energy of the subsystem + energy of the heat bath) is conserved; (iii) the 1st law of thermodynamics holds for the heat bath. Is there the corresponding variational principle in the quantum system in the Hilbert space F of the form (1)? The answer is yes. In Ref. [23] and Ref. [24] a concept of entanglement energy was introduced and a thermodynamical structure, which we call entanglement thermodynamics, is constructed by using the entanglement entropy and the entanglement energy. Thus we expect that entanglement free energy F ent defined as follows plays an important role in entanglement thermodynamics:
where E ent is the entanglement energy and T ent is a constant. Although as a definition of E ent we have several number of options [24] , in this paper we adopt the following one.
where H 2 is Hamiltonian of the subsystem 2, and : − : represents the normal ordering.
As shown in the following arguments, by minimizing the entanglement free energy, we can obtain a state in F characterized by the constant T ent . Before doing so, here we consider a physical meaning of the principle of the minimum entanglement free energy. Let us introduce another Hilbert space F bath , which plays a role of the heat bath in the above statistical mechanical consideration, and decompose it to the direct product F bath = F bath1 ⊗ F bath2 .
In this situation it is expected that the principle of the minimum entanglement free energy corresponds to the following situation: (i) the total system F tot ≡ F ⊗ F bath obeys the principle of the maximal entanglement entropy with respect to the decomposition F tot =
(ii) total entanglement energy (entanglement energy for F + entanglement energy for F bath ) is conserved; (iii) the 1st law of entanglement thermodynamics [23] dE ent = T ent dS ent
holds for F bath . In this situation we call the constant T ent the entanglement temperature.
It must be mentioned here that the variational principle of the minimum free energy is not as fundamental as the principle of the maximum entanglement entropy but is only an approximation to the latter for a large system. However, as the minimum free energy principle in statistical mechanics is, the former should be very useful tool to determine a quantum state. We now calculate F ent for the system of two spin-1/2 particles and minimize it. For simplicity we adopt the following Hamiltonian for the subsystem 2:
where ǫ is a positive constant. The entanglement free energy F ent for the state (5) is given by
By minimizing it we obtain the following expression for the state |φ up to an unitary transformation in F 1 :
where Z = e −ǫ/Tent + 1. The corresponding reduced density matrix ρ 2 on F 2 represents a canonical ensemble with temperature T ent . This fact is related to the fact that the minimum free energy gives a canonical ensemble in statistical mechanics. Thus, in general, if F 1 and F 2 have the finite and same dimension N then a state minimizing the entanglement free energy is written as
up to an unitary transformation in F 1 , where Z = N n=1 e −En/Tent , E n and |n 2 (n = 1, 2, · · · , N) are eigenvalues and orthonormalized eigenstates of the normal-ordered Hamiltonian of the subsystem 2. This state can be obtained also from another version of the minimal entanglement entropy principle: if we minimize S ent with E ent fixed then the state (16) is obtained and in this case T ent is determined so that the entanglement energy coincides with the fixed value. The state (16) has the same form as those appearing in the thermofield dynamics of black hole [32] and the quantum field theory on a collapsing black hole background [33] . In particular, if we can set the value of the entanglement temperature of F bath to be the black hole temperature then the state (16) completely coincides with those in Ref. [32, 33] . In Ref. [24] it was shown numerically that the entanglement temperature for a real massless scalar field in the Schwarzschild spacetime is equal to the black hole temperature of the background geometry up to a numerical constant of order 1.
IV. QUANTUM TELEPORTATION AND INFORMATION LOSS PROBLEM
In Ref. [29] Bennet et al. proposed a way of teleportation of an unknown quantum state from one place to another. It is called the quantum teleportation. The information about the quantum state is separated into a 'quantum channel' and a 'classical channel', and each channel is sent separately from a sender "Alice" to a receiver "Bob". What is important is that the quantum channel is sent in a superluminal way by using a quantum correlation or entanglement, while the classical channel is transmitted at most in the speed of light. Here we mention that causality is not violated in informational sense since Bob cannot obtain any useful information about the unknown state before the arrival of the classical channel. Hence
Alice has to deliver the classical channel to Bob without fail, for example by letter or e-mail.
On the contrary she does not need to worry about whether the information in the quantum channel arrives at Bob's hand since the arrival is guaranteed by the quantum mechanics. It is notable that recently the quantum teleportation was confirmed by experiments [30, 31] .
Let us consider a Hilbert space F of the form (1) with F i constructed from Hilbert spaces
For example, consider matter fields on black hole spacetime formed by gravitational collapse.
In this situation, let H 1 be a space of all wave packets on the future event horizon and H 2 be a space of all wave packets on the future null infinity, and decompose each H i into a high frequency part H i+ and a low frequency part H i− . Typically, we suppose the decomposition at an energy scale of Planck order. If we define F i± as Fock spaces constructed from H i± , respectively, then the space F of all quantum states of the matter fields is given by (1) with (17) . Although the following arguments does not depend on the construction of the Hilbert space F , this example should be helpful for us to understand physical meaning of results obtained.
For simplicity we consider the case that all F i± have the finite and same dimension N although in the above example of the construction of the Hilbert space the dimension is infinite. A generalization to an infinite dimensional case is a future work to be achieved. In the finite dimensional case we assume the following three physical principles: (a) a quantum state |φ in F is a direct product state given by |φ + + ⊗ |φ − − , where |φ ± ± are elements of F ± = F 1± ⊗F 2± , respectively; (b) |φ + + maximizes the entanglement entropy with respect to the decomposition F + = F 1+ ⊗F 2+ ; (c) a complete measurement of the von Neumann type on the joint system F 1 is performed (by Alice) in the orthonormal basis {|ψ nm 1 }, each of which maximizes the entanglement entropy with respect to the decomposition F 1 = F 1+ ⊗ F 1− . In other words the assumption (c) is stated as follows: the state |φ is projected by one of the basis |ψ nm 1 . In the following arguments, under these assumptions, we show a possibility of the quantum teleportation of the state |φ − − in F − to F 2 : we make a clone of |φ − − by using the entanglement in the state |φ + + . Therefore an observer (Bob) who cannot contact with F 1 may be able to get all information about a state in F − , provided that he can manage to get the classical channel (a letter from Alice) in some way. Now let us show that explicitly.
By the assumption (b) and the arguments in Sec. III (see Eq. (9)), the state |φ + + can be written as
where {|n i+ } (n = 1, 2, · · · , N) are orthonormal basis of F i+ . Next, expand |φ − − as follows:
where {|n i− } (n = 1, 2, · · · , N) are orthonormal basis of F i− , and nm |C nm | 2 = 1 is understood. In order to impose the assumption (c), for concreteness, we adopt the following basis {|ψ nm 1 } (n, m = 1, 2, · · · , N), each of which maximizes the entanglement entropy:
Note that (20) is unique up to an unitary transformation in F 1− . Hence, |φ = |φ + + ⊗|φ − − is written as
where |φ 2 2 is a state in F 2 given by
and U (2+) nm (n, m = 1, 2, · · · , N) are unitary transformations in F 2+ defined by
Thus, after the measurements in the basis {|ψ nm 1 } (by Alice), the original state |φ jumps to one of the states |φ nm defined by
This state can be seen by an observer (Bob), who cannot contact with F 1 , as the state
Here note that the unitary transformation U (2+) nm in F 2+ is completely determined by a pair of integers n and m (outcome of the experiment by Alice). Thus, if the two integers are sent to the observer (Bob) in the classical channel then by operating the inverse transformation of the corresponding unitary transformation in F 2+ the observer (Bob) would obtain the 'clone' state |φ 2 2 of |φ − . It is evident that |φ 2 2 has all information about the original state |φ − . It is remarkable that information to be sent to the observer (Bob) in the classical channel is only two integers n and m, while information included in the original state is a set of complex constants {C nm } (n, m = 1, 2, · · · , N) which satisfies nm |C nm | 2 = 1. Here we mention that the tracing out F 2+ from the state U (2+) nm |φ 2 2 results in the following density matrix ρ 2− on F 2− :
which is equivalent to the density matrix obtained by tracing out F 1− from the original state |φ − − . Finally it must be mentioned that the success of the quantum teleportation is due to the state |φ + + , which has maximal entanglement entropy. If we took |φ + + with less entanglement entropy then the teleportation would be less successful. Therefore, the entanglement entropy can be regarded as an index of efficiency of the quantum teleportation. the complex constants C nm in (19) are arbitrary except that nm |C nm | 2 = 1. Without the quantum teleportation Bob cannot see the state |φ − − but sees the reduced density matrix (25) since he is at the future null infinity. Evidently the latter has less information than the former. On the contrary, if the quantum teleportation works well then it is possible for
Bob to see the state (22) , which has all information about the initial state. In order for the quantum teleportation to work well the classical channel, a set of two integers n and m, must be delivered from Alice to Bob in some way. Hence, after the measurement, Alice has to rack her brains to let Bob know the two integers. If the final state of the evaporating black hole is parameterized by two or more integers, then Alice may be able to get across to Bob the set of two integers by using the final state as a medium. If she could, then Bob would obtain the state (22) by operating a unitary transformation instructed by the two integers.
Hence, the quantum teleportation is completed and all information about the initial state answer. Only thing we can say is that Alice is not a human being nor other living things but some mechanism of physics. Anyway we need quantum theory of gravity to answer the final question.
V. SUMMARY AND DISCUSSION
In this paper a new interpretation of entanglement entropy has been proposed based on its relation to the so-called conditional entropy and a well-known meaning of the latter. It is conjectured that the entanglement entropy of a state with respect to a division of a Hilbert space into two is the amount of information about a subspace obtainable from another subspace by using the state. To support the conjecture we have given the following two suggestive arguments: variational principles in entanglement thermodynamics and the quantum teleportation. The most important variational principle we considered is the principle of maximal entanglement entropy. This principle determines a state uniquely up to an unitary transformation in one of the two Hilbert subspaces (not in the whole Hilbert space). From the conjecture proposed it is expected that this state has the maximal infor-mation about a subspace obtainable from another subspace. In fact, applying the argument of quantum teleportation [29] to the black hole context, we have shown that by using the state as a transport medium for the quantum channel an unknown state defined on a Cauchy surface intersecting both the inside and the outside of a black hole can be teleported to the outside of the black hole. Thus, the state having the maximal entanglement entropy has a marvelous ability as a tool to restore the information inside a black hole. This consideration gives strong support to our interpretation.
It is confirmed in many literatures [20] [21] [22] that the entanglement entropy has the same value as the black hole entropy up to a numerical constant of order 1, provided that a cut-off length of order of the Planck length is introduced in the theory. Hence we have large amount of entanglement entropy enough to restore information inside a black hole.
Although it has been pointed out in Sec. I that the entanglement entropy diverges when the cut-off length is set to be zero, in our approach the divergence is not a problem since it does not change the situation that we have enough amount of entanglement entropy. Rather, the divergence is a nice feature as a tool to restore information inside a black hole. Moreover, our interpretation is free from the criticism that the entanglement entropy is not entropy of the black hole geometry itself but of the matter fields. Rather, the entanglement entropy in our interpretation is a quantity which cancels the black hole entropy, which may include entropy of the geometry, to restore the information. For example, suppose that a black hole is formed from an initial state with total entropy zero (S tot = 0). In this case, non-zero black hole entropy is generated (S BH > 0) from zero entropy state. At the same time, entanglement entropy, or negative conditional entropy, is also generated and their absolute value is as large as the black hole entropy (|S cond | = S ent ≃ S BH ). After that, the black hole evolves by emitting the Hawking radiation, changing the value of S BH and S cond (= −S ent ) with S BH ≃ S ent kept. Finally, when the black hole evaporates, the negative conditional entropy cancels the black hole entropy to settle the total entropy of the final state zero (S tot = 0).
To summarize, the black hole entropy is the amount of temporarily missing information and the entanglement entropy is a quantity which cancels the black hole entropy. Both entropies appear and disappear in pair from the sea of zero entropy state.
As a by-product we have shown that the variational principle of minimum entanglement free energy is useful to determine a quantum state. The resulting quantum state has the exactly same form as those appear in the thermofield dynamics of black hole [32] and the quantum field theory on a collapsing black hole background [33] , provided that the entanglement temperature T ent is set to be the black hole temperature. It is remarkable that T ent for a real massless scalar field in the Schwarzschild spacetime is equal to the black hole temperature of the background geometry up to a numerical constant of order 1 [24] . Thus we can say that the variational principle of minimum entanglement free energy gives a new derivation of the Hawking radiation.
